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Simultaneous liquid viscosity and density determination with piezoelectric
unimorph cantilevers
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We have examined both experimentally and theoretically a piezoelectric unimorph cantilever as a
liquid viscosity-and-density sensor. The fabricated piezoelectric unimorph consisted of a
PbO•ZrO2•TiO2 ~PZT! layer on a thin stainless-steel plate. In addition to a driving electrode, a
sensing electrode was placed on top of the PZT layer, permitting the direct measurement of the
resonance frequency. The cantilever was tested using water–glycerol solutions of different
compositions. In all three of the tested modes, the resonance frequency decreased while the width
of the resonance peak increased with increasing glycerol content. To account for the liquid effect,
we consider the cantilever as a sphere of radiusR oscillating in a liquid. By including the high and
low frequency terms in the induced mass and the damping coefficient of the liquid, we show that for
a given liquid density and viscosity the oscillating-sphere model predicts a resonance frequency and
peak width that closely agree with experiment. Furthermore, the viscosity and the density of a liquid
have been determined simultaneously using the experimentally measured resonance frequency and
peak width as inputs to the oscillating-sphere model. The calculated liquid viscosity and density
closely agreed with the known values, indicating that our cantilever-based sensor is effective in
determining viscosity and density, simultaneously. We also show that scaling analysis predicts an
increase in the width of the resonance peak with decreasing cantilever size, an observation in
agreement with the large peak widths observed for microcantilevers. ©2001 American Institute of
Physics. @DOI: 10.1063/1.1287606#
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INTRODUCTION

There has been a growing interest inon-linedetection of
liquid viscosity since it is a critical parameter sensitive
material property changes caused by chemical reaction,
lidification, gelation, and/or deposition of substances.1–6 On-
line viscosity and density monitoring offers a powerful to
for monitoring the quality of a liquid and processes involvi
a liquid environment. For example, automobile engine
undergoes both physical and chemical changes that deg
its performance over time. Anon-line engine-oil viscosity
sensor and indicator is of great interest to the automo
industry because it can remind the driver of the need
timely oil changes.1 Similarly, in the colloidal processing o
materials, uniformity in the suspension density is critical
the mechanical integrity of the final product.7 Localized
monitoring of viscosity and/or density presents a valua
means of controlling the spatial density variation in a s
pension.

a!Author to whom correspondence should be addressed; electronic
shihwy@drexel.edu
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In recent years, a number of viscosity-sensing devi
have been developed based on the mechanism of reson
including PbO•ZrO2•TiO2 ~PZT!-disk oil viscosity sensors,1

microfabricated-cantilever viscosity sensors,2 quartz-
membrane viscosity sensors,3 and other types of ultrasoni
viscosity sensors4,5 including surface-acoustic-wave~SAW!
viscosity sensors.6 The idea behind all of these developmen
is the desire to detect a change in the resonance frequ
and/or a change in the resonance peak width in the liq
and from this deduce the liquid viscosity. Ultrasonic visco
ity sensors are either based on thickness-mode resonan
in quartz-membrane viscosity sensors3–5 or based on the
resonance of the SAWs as in a Love-wave device.4–6 The
viscosity of a non-Newtonian liquid is known to be fre
quency~or rate! sensitive.1,8 The operating frequency of ul
trasonic viscosity sensors usually ranges from several M
to a few hundred MHz. This is the frequency range where
viscosity of a non-Newtonian liquid can be substantially d
ferent from its low-frequency value that is often the quant
of interest.1

Furthermore, ultrasonic devices’ high operating freque
cies also limit the viscosity range over which they can
used.6 Flexural modes generally have lower resonance
il:
7 © 2001 American Institute of Physics

 AIP copyright, see http://ojps.aip.org/japo/japcpyrts.html.
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quencies than the thickness modes or the radial modes.
makes flexural-mode devices better suited for sensing
low-frequency intrinsic viscosity of non-Newtonian liquids1

PZT-disk oil viscosity sensors1 and the microcantilever vis
cosity sensors2 both utilize flexural-mode resonance, allow
ing viscosity sensing at a lower frequency. The PZT-d
viscosity sensors demonstrated that the flexural mode c
be used for engine oil viscosity sensing in the 30–150
range. However, the resonance-frequency change of
PZT-disk oil viscosity sensor is rather small (,2.5%).1 The
microcantilevers have been used with a high sensitivity
the viscosity range of 1–200 cP. However, most of the w
with microcantilever sensors has been through the use o
optical system to monitor the movement of the microcant
vers, which can limit their application in on-board or po
table systems.

While the PZT-disk oil viscosity sensors and the micr
cantilevers demonstrated that they can be used for visco
sensing it is not clear what controls the sensitivity and
viscosity range of a flexural-mode viscosity sensor. In t
study, we examine the viscosity-and-density sensing capa
ity of a flexural-mode device both experimentally and the
retically. Our flexural-mode viscosity-and-density sensor i
unimorph cantilever consisting of a piezoelectric, PZT lay
and a stainless-steel layer~Fig. 1!. The piezoelectricity of the
PZT layer allows the resonance frequency to be dete
directly with a dual-electrode design: one electrode for dr
ing and one for sensing. That the resonance can be dete
directly sets the piezoelectric cantilevers apart from silic

FIG. 1. A schematic of~a! the PZT/stainless-steel cantilever and~b! the
setup of the viscosity sensing experiment.
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based microcantilevers where vibrations must be dete
with a laser beam or with a piezoresistive coating. On
theoretical side, we provide a fundamental understanding
the flexural-mode viscosity-and-density sensors throug
detailed analysis and indicate how the sensitivity and visc
ity range of flexural-mode sensors can be controlled. A sc
ing analysis is also provided to predict how the resona
frequency and the resonance peak width change with the
of the device.

EXPERIMENTAL PROCEDURE

The PZT/steel unimorph cantilever was fabricated fro
an EC76 PZT thin sheet~EDO Corporation, Salt Lake City
UT! and a stainless steel foil~Shop-Aid Inc., Woburn, MA!.
A schematic of the cantilever is shown in Fig. 1~a!. The
silver-paste~Heraeus Inc., West Conshohocken, PA! driving
and sensing electrodes were first painted on one side of
PZT, followed by heat treatment at 600 °C for 20 min. T
U-shaped gray area along the rim of the PZT depicts
driving electrode. The long rectangular gray area along
central line of the cantilever is the sensing electrode. T
sensing electrode allows the output signal to be detected
rectly with high sensitivity. After the driving and sensin
electrodes were made, the other side of the PZT sheet
bonded to the stainless-steel foil using the same silver p
followed by the same curing procedure as in the top el
trodes.

The dimensions of the PZT and the stainless steel sh
are listed in Table I. Note that the stainless-steel laye
longer than the PZT layer. The cantilever is clamped at
PZT end. The stainless-steel tip is the free end that is
mersed in the liquid as illustrated in Fig. 1~b!, serving as the
sensing tip. The U-shaped outer electrode is connected
functional generator to serve as the driving electrode. T
rectangular inner electrode is connected to an oscilloscop
serve as the sensing electrode. When the driving freque
coincides with one of the resonance frequencies of the c
tilever, a large voltage output can be obtained from the se
ing electrode. The resonance spectra of the cantilever
also be obtained using an HP4192 impedance analyze
this case only the U-shaped outer electrode is connecte
the impedance analyzer.

The solutions of glycerol and water of various glycer
concentrations were prepared as the test liquids. Specific
water~0 wt % glycerol!, a solution with 50 wt % glycerol and
50 wt % water~50 wt % glycerol!, a solution with 75 wt %
glycerol and 25 wt % water~75 wt % glycerol!, and glycerol
~100 wt % glycerol! were the four liquids used in this study
As shown in the schematic setup in Fig. 1~b!, the PZT/steel
cantilever was rigidly clamped at the PZT end with an a
minum fixture. The free stainless-steel end was immer

TABLE I. Dimensions of PZT/steel cantilever.

Length
~cm!

Width
~cm!

Thickness
~mm!

PZT 3.05 0.6 0.56
Stainless steel 4.95 0.6 0.1
 AIP copyright, see http://ojps.aip.org/japo/japcpyrts.html.
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in the test liquid. Two dipping depths were used: 1.5 a
0.76 cm. The viscosity of the glycerol–water solutions w
also measured independently using a constant-stress rh
eter ~Rheometrics DSR!.

THEORETICAL ANALYSIS

To consider the effect of the surrounding viscous liqu
to an axially oscillating cantilever, we approximate the ca
tilever as an oscillating sphere immersed in a liquid as sc
matically illustrated in Fig. 2 following Ref. 2. The approx
mation is justified for:~i! the cantilever is much longer tha
it is wide, ~ii ! the axial displacement is significantly larger
and near the tip of a cantilever. In addition, the oscillatin
sphere model allows an analytic expression for the drag fo
due to the liquid. As we will show below, the oscillating
sphere model works quite well for the present cantilever s
tems. When an oscillator is immersed in a liquid and driv
by an external harmonic forceF0e2 ivt, the equation of mo-
tion for the oscillator in the axial directiony can be written
as

~Me1MI !
d2y

dt2
1~bin1b!

dy

dt
1Ky5F0e2 ivt, ~1!

wherev is the angular frequency,Me and K the effective
mass and effective spring constant at the tip of the cantile
respectively,MI and b the induced mass and the dampi
coefficient due to the viscous liquid, respectively, andbin the
intrinsic damping coefficient of the cantilever. The ter
MI (d2y/dt2) represents the inertial force in potential flo
past the cantilever andb (dy/dt) the dissipative force due to
the viscous drag. The intrinsic damping coefficientbin may
result in part from the glue between the PZT and the stain
steel and other internal dissipation mechanisms. For an
cillating sphere of an effective radiusR in a liquid of density
r and viscosityh both MI andb have analytic expressions9

MI 5
2pR3

3
rS 11

9

z

d

RD , ~2!

and

FIG. 2. A schematic of the cantilever.
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whered5A2h/rv is the decay length in the liquid. With
low viscosity or high frequencies,d is negligible compared
to the effective radiusR. The first term on the right-hand
side of Eqs.~2! and ~3! dominates andMI and b approach
the high-frequency forms used in Ref. 2

MI `5
2pR3

3
r ~4!

and

b`5
6phR2

d
, ~5!

where the subscript̀ denotesv→`. When the frequency
approaches zero or the viscosity is high, the second term
the right hand side of Eqs.~2! and~3! dominates andMI and
b approach

MI 053pR2 dr ~6!

and

b056phR, ~7!

where the subscript 0 denotesv→0. As we will show below,
the low-frequency correction terms, i.e., Eqs.~6! and~7! @or
the second term on the right-hand side of Eqs.~2! and ~3!#
become important when the liquid viscosity becomes hig

For a cantilever of densityr, uniform thicknessh, width
w, and lengthL, the effective mass at the tip of the cantil
ver is 0.236rhwL.10 However, as shown in Fig. 1~a!, the
present cantilever has a thin stainless-steel overhang a
tip of the PZT/stainless steel section. Because the ou
electrical signal results from the piezoelectric effect in t
PZT layer, what affects the output signal most is the vib
tion amplitude at the tip of the PZT layer. Therefor
we approximate the oscillating sphere to be located at the
of the PZT layer~i.e., at x5Lp) but not at the tip of the
stainless steel overhang~i.e., x5Ls), whereLp and Ls are,
respectively, the length of the PZT layer and that of t
stainless steel as illustrated in Fig. 2. The effective mass
the cantilever at the end of the PZT/stainless steel sec
~i.e., x5Lp) may be written as

Me50.236~rPhP1rshs!wLp1rshsw~Ls–Lp!, ~8!

whererp , hp , andLp are the density, thickness, and leng
of the PZT layer,rs andhs the density and thickness of th
stainless-steel layer, andw the width of the cantilever. The
first term on the right hand side of Eq.~8! represents the
effective mass of the PZT/stainless steel section at the ti
the PZT layer. The second term on the right hand side of
~8! represents the effective mass of the stainless steel ti
the tip of the PZT layer. It is obtained by approximating t
stainless-steel tip to be an attachment at the tip of the P
layer that moves at the same velocity as the tip of the P
layer ~or the PZT/stainless-steel section!. The approximation
was justified for:~i! the stainless steel tip is much lighte
than the PZT/stainless steel section and~ii ! no PZT layer is
 AIP copyright, see http://ojps.aip.org/japo/japcpyrts.html.
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1500 J. Appl. Phys., Vol. 89, No. 2, 15 January 2001 Shih et al.
on top of the stainless steel tip to actuate it. Because
stainless steel tip is much thinner than the PZT/stainless-s
section and the bending modulus is a third-power function
the thickness, it is justifiable to neglect the stainless-stee
in estimating the effective spring constant at the tip of
PZT/stainless-steel section.

Neglecting the stainless-steel tip, the effective spr
constantK at the tip of the PZT/stainless steel section m
be approximated as10

K5
3DPw

Lp
3 , ~9!

whereDP is the bending modulus of the PZT/stainless st
section which can be written as11

DP5w
Ep

2hp
41Es

2hs
412EpEshphs~2hp

212hs
213hphs!

12~Ephp1Eshs!
,

~10!

whereEp andEs are the Young’s modulus of the PZT laye
and that of the stainless-steel layer, respectively.

The lowest resonance frequency in air can be appr
mately expressed in terms ofK andMe as10

f 15
1

2p
A K

Me
. ~11!

For higher-mode resonance, the resonance frequency
also be expressed in terms ofK andMe as

f i5
ni

2p
A K

Me
, ~12!

whereni is the i th-mode eigenvalue.
When the cantilever is immersed in a liquid, withy

5y0e2 ivt, Eq. ~1! gives the axial amplitudey0 as

y05
2F0

~v22v0
2!1 ivg

, ~13!

and the maximum inuy0u occurs atv5vmax where

vmax
2 5v0

22 1
2 g2, ~14!

with

v05A K

Me1MI
~15!

being the resonance frequency without damping and

g5
b1bin

Me1MI
~16!

being the damping coefficient per unit mass. Note that av
5vmax, both uy0u and Im(y0) have a peak valueF0 /vmaxg.
However, the peak widths at half the peak height are)g
andg for uy0u and Im(y0), respectively. Thus, asg increases,
the resonance peak width increases. Furthermore, as ca
seen from Eqs.~14!–~16!, both the increase in the liquid
induced mass and that in the liquid damping coefficient
lower the resonance frequency.
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RESULTS AND DISCUSSIONS

Figure 3 summarizes the cantilever’s resonan
frequency spectra obtained from the sensing electrode
frequencies below 2500 Hz. In this frequency range, the c
tilever exhibits three in-air resonance frequencies~open
squares!: 334 Hz~mode 1!, 1432 Hz~mode 2!, and 2090 Hz
~mode 3!. Using Eqs.~8!–~11! and the parameters listed i
Table I, the calculated value forf 1 is 330 Hz, in agreemen
with the lowest measured resonance frequency in air,
Hz, as shown in Fig. 3. The agreement between the exp
mental and estimated lowest resonance frequency in air
dicates that the approximated effective massMe and the
effective spring constantK for the cantilever are reasonabl
Meanwhile, using Eq.~12!, the eigenvalues for mode 2 an
mode 3 resonance can be deduced empirically. We obta
ni54.3 and 6.25 for mode 2 and mode 3, respectively. Fo
cantilever with a uniform cross section, the second mo
eigenvalue is 6.25.10 This indicates that the mode 2 res
nance obtained with the present cantilever would not app
if the cantilever had constant thickness throughout
length.

Also shown in Fig. 3 are the resonance-frequency sp
tra with a 1.5 cm dipping depth in water~open circles!, in 75
wt % glycerol ~open up triangles!, and in glycerol ~open
down triangles!. In water, the resonance frequencies of mo
1, mode 2, and mode 3, respectively, decreased to 212,
and 1730 Hz. In 75 wt % glycerol, the three resonance
quencies were further decreased from 334, 1432, and 2
Hz to 190 ~mode 1!, 805 ~mode 2!, 1700 Hz~mode 3!. In
glycerol, the lowest resonance frequency~mode 1! was not
observable. The two higher resonance frequencies were
served at 733~mode 2! and 1630 Hz~mode 3!. It is clear that
in all three modes, the resonance frequency decreases a
glycerol content of the liquid increases. As we will sho
below, the shift in the resonance frequency is closely rela
to the change in the viscosity as well as in the density of

FIG. 3. Resonance frequency spectrum of the cantilever in air~open
squares!, water ~open circles!, 75 wt % glycerol~open up triangles!, and
glycerol ~open down triangles! obtained using the sensing electrode. T
vertical axis indicates the voltage difference obtained at the sensing e
trode with a 10 V driving voltage applied at the driving electrode. T
dipping depth is 1.5 cm for all liquids. The crosses indicate the calcula
resonance frequencies under various liquid environments.
 AIP copyright, see http://ojps.aip.org/japo/japcpyrts.html.
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test liquid. As listed in Table II, both the viscosity and th
density of the test liquid increase with the glycerol conte
Besides the shift in the resonance frequency, a more visc
liquid also makes the resonance peak broader as we
cussed in the previous section. As an example, Fig. 4 sh
the phase-angle spectra obtained from the impedance
lyzer at the second resonance~mode 2! of the cantilever in
various water/glycerol solutions with a 1.5 cm dipping dep
Clearly, as the viscosity of the liquid increases with the gly
erol content, the height of the resonance peak progressi
decreases and the peak width increases. The peak widt
half peak heightg/2p determined from Fig. 4 are listed i
Table III.

To examine the sensitivity of the three resonance mo
in terms of resonance frequency change by the surroun
liquid, we useD f / f w5( f w2 f 75%)/ f w as a measure, wher
f w and f 75% are, respectively, the resonance frequency

TABLE II. Density and viscosity of water–glycerol mixtures. The viscos
listed below was obtained from the rheological measurement.

Density
~kg/m3!

Viscosity
~P!

Water 1000 0.01
50 wt % glycerol 1100 0.04
75 wt % glycerol 1180 0.4
Glycerol 1260 6

FIG. 4. Phase angle vs frequency of the PZT/steel cantilever with a 1.5
dipping depth in water, 50 wt % glycerol, 75 wt % glycerol, and glyce
around the mode 2 resonance frequency. Different curves are verti
shifted for clarity.
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water and that in 75 wt % glycerol. The obtainedD f / f w for
the three modes are listed in Table IV. It can be seen
among the three modes, mode 1 has the highest sensit
with D f / f w>11%. Moreover, a different dipping depth als
affects the resonance-frequency change and the peak w
For example, listed in Table V are the mode 2 resona
frequencies and peak widths in various liquid environme
with a 0.75 dipping depth. The resultantD f / f w for the mode
2 resonance with a 0.75 cm dipping depth in various liqu
environments is also listed in Table V. Compared to a 1.5
dipping depth, the 0.75 dipping depth gives a smaller cha
in the resonance frequency. TheD f / f w decreases from abou
7.7% at a 1.5 cm dipping depth to about 4% at a 0.75
dipping depth.

With a piezoelectric unimorph cantilever, the axial di
placement can be detected from the sensing electrode a
induced voltage difference across the thickness. From
direct voltage measurement as a function of frequency in
both the resonance frequencyf max5vmax/2p and the damp-
ing factor per unit massg/2p can be obtained.

Alternatively, the axial displacement can be detec
from the impedance measurement as well. For convenie
all peak widths reported from this work were obtained fro
the impedance analyzer. Far away from the resonance
quency, the unimorph cantilever behaves as a capac
Therefore, the impedance of the unimorph can be gener
expressed as

z5
2 i

vc
1 izi , ~17!

wherec is the capacitance of the unimorph, andizi the in-
duced impedance due to the flexural displacement. This

m

lly

TABLE III. Mode 2 resonance frequencyf max and peak widthg/2p with a
1.5 cm dipping depth. The experimental values ofg/2p were determined
from the phase angle data shown in Fig. 4. The calculated values ofg liq/2p
and those ofg/2p are obtained usingg liq/2p5(1/2p)/@b/(Me1MI )# and
g/2p5(1/2p)/@( b1bin)/(Me1MI )#, respectively, whereMe is the effec-
tive mass of the cantilever,MI the induced mass from the liquid,b the
damping coefficient from the liquid, andbin the intrinsic damping coefficient
of the cantilever.

f max

cal.
~Hz!

f max

exp.
~Hz!

g/2p
exp.
~Hz!

g/2p
cal.
~Hz!

g liq/2p
cal.
~Hz!

Water 870 870 19 18 7
50 wt % glycerol 840 844 28 25 14
75 wt % glycerol 805 803 42610 51 42
Glycerol 725 733 140620 145 138

TABLE IV. D f / f w and R in various resonance modes whereD f / f w mea-
sures the sensitivity andR is the radius of the effective sphere.

Mode

1.5 cm dipping
depth

0.75 cm dipping
depth

D f / f w R (mm) D f / f w R (mm)

1 11% 7.80 ¯ ¯

2 7.7% 6.31 4% 3.55
3 2.3% 5.05 ¯ ¯
 AIP copyright, see http://ojps.aip.org/japo/japcpyrts.html.
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1502 J. Appl. Phys., Vol. 89, No. 2, 15 January 2001 Shih et al.
be seen by plotting the impedanceuzu versusf on a log–log
scale where loguzu is linear in logf with a slope of21 ~see
Fig. 5 where the impedanceuzu is plotted versusf for a 1.5
dipping depth in water, 50 wt % glycerol, 75 wt % glycero
and glycerol!. For the present cantilever, the deduced cap
tance isc56.0 nF. The induced impedanceizi is related to
the axial displacement and can be expressed as

izi5
ia

~v22v0
2!1 ivg

, ~18!

where a is a proportional constant. Note that in electric
measurements, the real part ofz, Re(z), relates to dissipation
whereas in the displacement measurement it is the imagi
part ofy0 , Im(y0), which is related to dissipation. Therefor
Re(z) is proportional to Im(y0). Knowing that Re(z) is pro-
portional to Im(y0), we can also obtainf max andg/2p from
the peak position and peak width at half the peak heigh
Re(zi) versusf . In the present system, the background te
2 i /vc is the dominant term as can be seen from Fig. 5. T
phase angleu is always close to290° ~see Fig. 4!. There-
fore, Re(z) is roughly linear withDu[u190. Thus,f max and
g/2p can be obtained from the peak position and the p
width at half the peak height ofDu versusf ~or u versusf as
shown in Fig. 4! as well. Thef max andg/2p obtained from
Re(zi) versusf ~not shown! are essentially the same as tho
deduced fromu versusf . In the following, all the values of
f max andg/2p were obtained from theu versusf plots.

FIG. 5. uzu vs f in a log–log plot near the mode 2 resonance frequency
water, 50 wt % glycerol, 75 wt % glycerol, and glycerol with a 1.5 c
dipping depth whereuzu is the absolute value of the impedance andf the
frequency. The log(uzu) is linear in log(f ) with a slope21 indicates that the
cantilever is mainly a capacitor with a capacitance of 6.0 nF.

TABLE V. Mode 2 resonance frequencyf max and peak widthg/2p with a
0.75 cm dipping depth. The experimental values were determined from
phase angle data~not shown!.

f max

cal.
~Hz!

f max

exp.
~Hz!

g/2p
exp.
~Hz!

g/2p
cal.
~Hz!

g liq /2p
cal.
~Hz!

Water 1257 1260 24 26 6
50 wt % glycerol 1238 1232 35 32 12
75 wt % glycerol 1214 1209 48610 58 38
Glycerol 1147 1140 140620 160 142
Downloaded 29 Dec 2000  to 128.112.71.68.  Redistribution subject to
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With knownr andh, we can solve Eqs.~15! and~16! to
obtain the resonance frequencyf max and the peak width
g/2p, provided the effective radiusR and the intrinsic damp-
ing coefficient of the cantileverbin are known. Conversely
with the measuredf max and g/2p, we can also solve Eqs
~15! and~16! for the liquid densityr and the liquid viscosity
h. It is this latter approach that allows the cantilever to be
viscosity-and-density sensor.

With the known effective mass of the cantileverMe,
one can obtain the intrinsic damping coefficientbin from the
resonance peak in air. We obtainedbin/2p>9.0
31023 Hz/kg. To obtainR empirically, we fit the resonance
frequency f max in water to the measured value using t
known density and viscosity of water. For a dipping depth
1.5 cm, we obtainR57.8, 6.315, and 5.05 mm for mode 1
mode 2, and mode 3 resonance, respectively, which are li
in Table IV along withD f / f w . From Table IV, it is clear that
for a given dipping depth,D f / f w increases withR. Mode 1,
which has the largestR, shows the highestD f / f w . This may
be qualitatively understood as follows. In a Mode 1 vibr
tion, the entire cantilever moves in the same direction as
tip, whereas at higher modes the number of nodes incre
with an increasing resonance frequency. Thus at hig
modes only an increasingly smaller part of the cantile
moves in the same direction as the tip, resulting in a sma
R. Meanwhile, for the same resonance mode, a smaller
ping depth can also give a smallerR. For example,R for the
mode 2 vibrations reduced from 6.315 to 3.55 mm when
dipping changed from 1.5 to 0.75 cm. AsD f / f w decreases
with a decreasingR, this in turn reducesD f / f w from 7.7% to
4% when the dipping depth changes from 1.5 to 0.75 cm

Knowing the effective radiusR, the liquid density, and
the liquid viscosity, the corresponding resonance freque
in the liquid can be obtained by solving Eqs.~15! and ~16!
using Eqs.~2! and ~3! to calculateMI andb. The obtained
resonance frequency is also plotted in Fig. 3 to compare w
the experimental results. It is clear that the calculated re
nance frequencies are in close agreement with the exp
mental result. To see how the liquid viscosity and dens
affect the resonance-frequency shift, we calculatef 0 using
MI ` andb` as depicted in Eqs.~4! and~5! instead of theMI
and b depicted in Eqs.~2! and ~3!. The quantityf 0 , repre-
sents the high-frequency-limit resonance frequency of
cantilever surrounded by a liquid. The obtained values off 0

along with f max are plotted in Fig. 6 as a function ofh with
both 1.5 and 0.75 cm dipping depths. Also plotted in Fig
are the experimental resonance frequencies. Here,f max

agrees with the experimental resonance frequencies b
than f 0 , especially when the viscosity becomes higher th
or equal to 40 cP. The reason thatf 0 does not agree with the
experimental resonance frequency as well asf max when the
viscosity becomes high is that Eqs.~4! and~5! do not repre-
sent the induced mass and the damping coefficient corre
becaused/R is not negligibly small at higher viscosity. Fo
example, in glycerol,d/R>0.085. Thus, when Eq.~4! is
used instead of Eq.~2!, theMI for glycerol is underestimated
by about 18%, which in turn leads to an overestimation
the resonance frequencies as can be seen from Fig. 6. Si
overestimation of the resonance frequency by using the h

n

he
 AIP copyright, see http://ojps.aip.org/japo/japcpyrts.html.
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frequency expressions forMI andb is also apparent in Ref
2 where only the high-frequency terms, Eqs.~4! and ~5!,
were considered forMI andb. From Fig. 6, it is clear that a
higher viscosity, Eqs.~2! and~3! should be used forMI and
b so that the resonance-frequency shift can be calcul
correctly. The calculated values forg liq/2p5(1/2p)(b/Me
1MI ) are also listed in Table II. Withbin/2p59.0
31023 Hzkg, the calculated values forg/2p5(1/2p) (b
1bin)/(Me1MI ) in various liquid environments are als
listed in Table II. It can be seen that the calculated values
g/2p are also in close agreement with the measured res

Conversely, the liquid viscosityh and liquid densityr
can be determined simultaneously by solving Eqs.~15! and
~16! using the measuredf max andg/2p as the input andMI
and b calculated using Eqs.~2! and ~3!. For example, the
resultantr and h of the tested liquids are plotted in Fig.
using f max andg/2p from the mode 2 oscillations with a 1.
dipping depth. The known values ofr andh are also plotted
in Fig. 7. For all four tested liquids, the deducedr andh are
in good agreement with the known values ofr andh of the
tested liquids This demonstrates that with the present
proach, the cantilever can indeed be used as a simultan
viscosity-and-density sensor.

SIZE EFFECT: SCALING ANALYSIS

Presently, there is tremendous interest in miniaturiz
the cantilevers as microsensors2,12–14 for medical and other
purposes. It is important to understand how the change in
dimension of the cantilever affects the damping coeffici
and therefore the sensitivity of the cantilever in a liquid e
vironment. To examine the effect of miniaturization, let
first look at the induced mass as listed in Table II and co
pare it with the cantilever’s own effective mass. With 1.5 c
dipping depth,MI 51.031023 and 1.9731023 kg, for a

FIG. 6. f max and f 0 vs h, whereh is the viscosity andf max and f 0 are the
calculated resonance frequencies with and without the high-viscosity te
@Eqs.~11! and~12!# for the induced mass and the damping coefficient~a! for
a 1.5 cm dipping depth and~b! for the 0.75 cm dipping depth. Also plotte
are the experimental resonance frequencies where for all cases,f max agrees
better with the experimental resonance frequencies indicating that the
viscosity terms are important.
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mode 1 resonance in water and that in 75 wt % glyce
respectively. Both values are much larger than the can
ver’s own effective massMe53.0931024 kg. Therefore, in
the following scaling analysis, we will neglectMe and con-
sider only the induced massMI . Let us consider a cantileve
that shrinks in all three dimensions by a factorb as sche-
matically shown in Fig. 8. As a result, the effective sprin

s

h-

FIG. 7. Deduced densityr and viscosityh ~open circles! of the four liquids
examined plotted on the two-dimensionalh–r plane. Also plotted are the
known values~full circles! of r andh of the four liquids. The deducedr and
h were obtained with the mode 2 resonance frequencies and peak w
with a 1.5 cm dipping depth.

FIG. 8. A schematic showing:~a! a cantilever of lengthL, width w, and
thicknessh, and~b! the cantilever with all dimensions reduced in proportio
by a factorb, i.e., lengthbL, width bw, and thicknessbh.
 AIP copyright, see http://ojps.aip.org/japo/japcpyrts.html.
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constantk(b) of the shrunk cantilever scales as

K~b!}bK, ~19!

where K is the spring constant of the cantilever befo
shrinking. We will separate the discussions into two regim
i.e., the high frequency regime and the low frequency
gime.

(i) High-frequency or low viscosity regime. In the high
frequency regime, the induced mass@Eq. ~4!# for the shrunk
cantilever is

MI `~b!}b3. ~20!

Therefore,

f i~b!'A K~b!

MI `~b!
}b21. ~21!

In this regime, the resonance frequency increases as the
of the cantilever decreases. The damping factorb`(b) as
depicted in Eq.~5! and the damping factor per unit ma
g liq(b) of the shrunk cantilever, respectively, are

b`~b!}b2~ f ~b!!1/2}b3/2, ~22!

and

g liq~b!5
b`~b!

MI `~b!
}b23/2. ~23!

As g liq(b) determines the width at half the peak height, o
expects that as the cantilever shrinks the resonance pea
comes broader according to Eq.~23!. The quality factor de-
fined asQ5 f max/g also becomes smaller as

Q~b!}b1/2Q. ~24!

(ii) Low-frequency or high-viscosity regime. In this re-
gime, the induced mass@Eq. ~6!# for the shrunk cantilever
becomes

MI 0~b!}b2f i
21/2, ~25!

where f i is the resonance frequency without damping

f i~b!}A K~b!

MI 0~b!
. ~26!

Combining Eqs.~25! and ~26!, we get

MI 0~b!}b7/3, ~27!

and

f i~b!}b22/3. ~28!

The damping factor,b0(b) @Eq. ~7!# and the damping
factor per unit massg liq(b) of the shrunk cantilever, respec
tively, are

b0~b!}b1, ~29!

and

g liq~b!5
b0~b!

MI 0~b!
5b24/3. ~30!
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Therefore, in the low-frequency, high-viscosity regim
g liq(b) increases asb24/3, slower than in the high-
frequency, low viscosity regime. The quality factor decrea
as

Q~b!5
f i~b!

g liq(b)
}b2/3, ~31!

faster than in the high-frequency, low-viscosity regime.
In the experiments, the condition is somewhere inb

tween the two regimes. One expects that the scaling ofg liq

andQ with respect tob will be between Eqs.~23! and~24!,
and Eqs.~30! and~31!. From the above scaling analysis, on
can see that the resonance peak of a cantilever in a liquid
become broader as the dimension of the cantilever is
duced. Moreover, the broadening of the resonance peak
respect to a decreasing cantilever size is more pronounce
the low-frequency, high-viscosity regime than in the hig
frequency, low-viscosity regime. The broadening effect w
no doubt increase the sensitivity of the viscosity measu
ment. Meanwhile, the resonance frequency increases
decreasing cantilever size in both regimes although the
crease in the resonance frequency with decreasing cantil
size is not as steep in the low-frequency or high-viscos
regime. This difference will also enhance the sensitivity
the resonance frequency change with respect to visco
when a smaller cantilever is used.

Although the geometry of the present cantilever is n
exactly in proportion to the microcantilevers used in Ref.
we can still compare the results of the present study with
in Ref. 2 to see how the sensitivity of the measureme
changes as the dimension of the cantilever shrinks.
present cantilever that is about 3 cm long is about two ord
of magnitude longer than the microcantilevers used in Re
which are about 100mm long. In water, the lowest resonanc
frequency in the present system is about 212 Hz. The mic
cantilevers’ resonance frequencies in water were abou
kHz, about two orders of magnitude higher than that of
present study, in line with the scaling result shown in E
~21! which predicts that the resonance frequency is invers
proportional to the dimension of the cantilever. When im
mersed in a more viscous liquid, for example, the pres
cantilever has a resonance frequency of about 190 Hz in
wt % glycerol. The microcantilevers’ resonance frequenc
in 90% glycerol were about 5 kHz, about 25 times high
than the resonance frequency of the present cantilever.
also supports the scaling result that the resonance frequ
increases less steeply with a decreasing cantilever size in
high-viscosity regime than in the low-viscosity regime@see
Eqs.~21! and ~28!#. For peak broadening, in the present e
periment,g/2p is about 20 Hz in water. In comparison, th
microcantilevers had ag/2p on the order of kHz in water,
about two orders of magnitude higher than that of the pres
cantilever, also qualitatively in line with prediction of Eq
~23!. In a more viscous liquid, the present cantilever ha
g/2p about 140 Hz. The microcantilevers had ag/2p about 2
kHz, about one order of magnitude higher than that of
present study, also qualitatively in line with the predictio
that g liq increases less rapidly with a reduced cantilever s
 AIP copyright, see http://ojps.aip.org/japo/japcpyrts.html.



e

all
nd

Z

o
y
t
ro
th
c
h
si
he
e

o
re
lo
in
ity
t
vi

re

in
-
er

in
e

ng

nt
he
sity

he
ea-
It is
h of
both

tile-

ce

No.

dat,

s

G.

.

1505J. Appl. Phys., Vol. 89, No. 2, 15 January 2001 Shih et al.
in the high-viscosity regime than in the low-viscosity regim
@see Eqs.~23! and ~30!#.

CONCLUSIONS

We have examined both experimentally and theoretic
a piezoelectric unimorph cantilever as a liquid viscosity-a
density sensor. The piezoelectric unimorph consists of a P
layer on top of a thin stainless-steel layer. In addition to
driving electrode, a sensing electrode is also fabricated
the top surface of PZT, allowing the resonance frequenc
be detected simply, enabling the cantilever to be easily in
grated in on-board or portable applications. Water–glyce
solutions of various glycerol concentrations were used as
test liquids. In all three modes examined in the frequen
range,2500 Hz, the resonance frequency decreases w
the width of the resonance peak increases with an increa
glycerol content. We consider the effect of the liquid on t
cantilever by modeling the cantilever as an oscillating sph
with an effective radiusR. By including both the high-
frequency, low-viscosity term@Eqs.~4! and~5!# and the low-
frequency, high-viscosity term@Eqs.~6! and ~7!# in Eqs.~2!
and~3! for the induced mass and the damping coefficient
the liquid, we showed that the oscillating-sphere model p
dicts resonance frequencies and peak widths that are in c
agreement with the experimental data for viscosity rang
from 1 to 600 cP. The consideration of the high-viscos
term, i.e., Eqs.~6! and~7!, are crucial for obtaining the righ
resonance frequencies and right peak width in the high
cosity regime.

The effective radius of the oscillating sphereR varies
with both the dipping depth and the in-air resonance f
quency. For a given depth, the effectiveR increases with a
decreasing in-air resonance frequency. The sensitivityD f / f w

increases with a decreasing in-air resonance frequency~due
to an increasingR where f w is the resonance frequency
water andD f 5 f 752 f w with f 75 being the resonance fre
quency in 75 wt % glycerol. Within a given mode, a larg
dipping depth also increasesR and hence the sensitivity.

To demonstrate the cantilever’s capability for sens
the liquid viscosity and the liquid density simultaneously, w
us the experimental mode 2f max andg/2p with 1.5 cm dip-
ping depth as the input and solved Eqs.~15! and~16! for the
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liquid viscosity and the liquid density simultaneously usi
the oscillating-sphere model@Eqs.~2! and~3!#. The deduced
liquid viscosity and liquid density are in close agreeme
with the known values, indicating that the cantilever in t
present approach can be an effective viscosity-and-den
sensor.

A scaling analysis is also included to predict how t
resonance frequency as well as the sensitivity of the m
surement varies as the size of the cantilever is reduced.
predicted that both the resonance frequency and the widt
the resonance peak increase with a decreasing size in
the low-viscosity regime@Eqs. ~21! and ~23!# and the high-
viscosity regime@Eqs.~28! and ~30!#. The higher resonance
frequencies and peak widths obtained from the microcan
vers qualitatively support these scaling analyses.
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